Abstract Internal waves (IWs) generated by tidal flow over the seafloor play a critical role in ocean circulation and climate. We determine the dependence of the radiated IW power on topographic parameters in numerical simulations of tidal flow over two-dimensional random topographic profiles that have the spectrum of oceanic abyssal hills. The IW power increases as the horizontal spatial resolution scale is decreased, but below a certain spatial scale the power saturates at a level less than the linear theory prediction. For increasing topographic RMS height H rms the emergent interference of the tide and the IWs from different generation sites leads to a transition in the IW power dependence on H rms from quadratic to linear. This transition in the scaling of the IW power depends on the slopes of a valley's nearest neighboring peaks. Our results should guide the modeling of IW generation by tidal flow over small-scale ocean topography.
Introduction
Internal waves (IWs) generated by tidal flow over seafloor topography [Sutherland, 2010] play an important role in dissipation and mixing in the interior of oceans [Munk, 1966; Wunsch and Ferrari, 2004] , and these waves contribute significantly to the global oceanic energy budget [Jayne and St. Laurent, 2001; Garrett and Kunze, 2007] . The main contributor to the IWs is the M 2 tide, a lunar semidiurnal tide of frequency = 1.4052 × 10 −4 rad/s [House, 1995] .
Linear theory for small slope topography in the deep oceans predicts the radiated IW power to be a quadratic function of topographic height [Bell, 1975] . The quadratic scaling for subcritical (small slope) topography applies also to a single isolated supercritical (steep slope) ridge [Balmforth et al., 2002; Llewellyn Smith and Young, 2003; St. Laurent et al., 2003; Pétrélis et al., 2006; Garrett and Kunze, 2007] . However, for supercritical periodic topography, theoretical analyses predict the radiated power to be independent of topographic height [Nycander, 2006; Balmforth and Peacock, 2009] , as a consequence of interference between waves from neighboring topographic peaks [Khatiwala, 2003] . The wave interference has been found to lead to an elevated "virtual seafloor," which provides insight into the independence of IW power on the height of supercritical periodic topography [Zhang and Swinney, 2014] . Also, the wave interference can suppress IW power radiated by small-scale random topography with steep slope [Zhang and Swinney, 2014] .
For small scales resolved with high spatial resolution, the topographic slopes are steeper than with low resolution. This is illustrated in Figure 1a for topography in the Mid-Atlantic Ridge (data available: http://www.geomapapp.org), where the RMS slope increases from 0.17 for the two-dimensional (2-D) profile with 500 m resolution (Figure 1b ) to 0.38 for a profile with 0.5 m resolution (Figure 1d ). Previous studies suggested that topographies of scales smaller than those resolved for most ocean topography could contribute significantly to the total IW power in oceans [Nycander, 2005; Carter et al., 2008; Niwa and Hibiya, 2011; Melet et al., 2013] .
The present work uses numerical simulations to explore the topographic dependence of IW power radiated by small-scale topography. Our study uses synthetic random topography rather than real topography in order to examine multiple independent realizations of random topography generated with the same topographic spectrum. We obtain the dependence of the radiated IW power as a function of topographic RMS height H rms and compare the result with theoretical predictions for models of isolated and periodic topography. 
Methods
We consider a horizontal tidal flow that oscillates with frequency in a fluid that has constant buoyancy frequency, N = √ −(g∕ 0 )(d ∕dz), where (z) is the vertical density distribution, g is the gravitational acceleration, and 0 = 10 3 kg/m 3 is a reference density. The resultant IWs have a beam slope S IW = 1∕ √ (N∕ ) 2 − 1 relative to the horizontal direction [Sutherland, 2010] . We fix S IW = 1 and determine the radiated IW power as topographic parameters are varied for each independently synthesized random topography.
Synthetic Random Topography
Seafloor power spectra can be statistically modeled as [Bell, 1975; Goff and Jordan, 1988] 
where h is a characteristic height of the topography and k 0 is a roll-off wave number that determines a transition from a flat spectrum at low wave numbers for large-scale topography to a power law spectrum at high wave numbers. The spectra in Figure 1e for the topography in Figures 1b-1d exhibit power law decay given asymptotically by k −2.5 (dashed line), corresponding to = 2.5, which is consistent with = 2.46 given in Goff and Tucholke [1997] .
We use the seafloor spectrum, equation (1), to synthesize random topography for our numerical simulations. The topography is synthesized from a sum of Fourier modes with complex coefficients that have real and imaginary parts that are independently generated from an ensemble of normally distributed Gaussian random processes [Balmforth et al., 2002] . The Fourier modes are truncated at k max , which defines the topographic resolution, ∼2 ∕k max . High spectral truncation numbers k max and large topographic heights h (cf. equation (1)) produce supercritical topographies that have a slope steeper than the IW beam slope. (1) with = 2.5. The red curve is the spectrum for the topography in Figure 2a , which is a single realization from an ensemble of Gaussian random processes.
Examples of synthetic topography are shown in Figures 2a and 2b , where the topographic resolution is 39 m and 312 m, respectively. The topographies are generated from the spectrum shown by the red curve in Figure 2c , but with truncations of the spectrum at k max = 256 cycles/(10 km) and 32 cycles/(10 km), respectively. The topography is a single realization of the model spectrum shown by the black curve, where h = 0.12 km, = 2.5, and k 0 = 4 cycles/(10 km). The and k 0 values are those used in Balmforth et al. [2002] and Zhang and Swinney [2014] .
Direct Numerical Simulation
We examine IW generation by tidal flow over synthetic random topography in 2-D direct numerical simulations of the Navier-Stokes equations in the Boussinesq approximation, to obtain the density , pressure p, and velocity v = (u, w) fields:
where is the salt diffusivity and is the viscosity. Tidal flow is produced by a horizontal force F(t) = 0 U 0 cos( t) in the momentum equation. We choose U 0 = 1.4 mm/s, small enough so the tidal excursion U 0 ∕ ≈ 10 m is small relative to the autocorrelation widths of the topographies; thus, the IW generation is in the acoustic regime [Bell, 1975; Nycander, 2005] . The viscosity, = 0.01 m 2 /s, is 4 orders larger than that of water to reduce the simulation cost (finer grids are needed for smaller ); however, the large viscosity has a negligible effect on tidal conversion in the regime of laminar flow [Dettner et al., 2013] . The salt diffusivity is 2 × 10 −5 m 2 ∕s, which gives negligible diffusion for the large Schmidt number, ∕ = 500.
The simulations use the CDP 2.4 code, a finite volume-based code that implements a fractional-step time-marching scheme [Ham and Iaccarino, 2004] . This code with disabled subgrid modeling and an addition of buoyancy forces has been used and validated in previous studies of IW generation by tidal flow in stratified fluids [King et al., 2009; Dettner et al., 2013; Zhang and Swinney, 2014; Paoletti et al., 2014] . Each simulation has 2000 time steps per period and extends for 20 tidal periods to ensure a steady state. The convergence is tested by doubling the spatial and temporal resolution; this changes the computed IW power by less than 3%.
The computational domain of width 10 km has periodic boundary conditions on the sides and a no-slip boundary condition on the random bottom topography. Wave reflection from the top boundary of the domain is avoided by adding a gradually increasing Rayleigh damping force proportional to [tanh((z 
The damping starts at the height z 0 and gradually increases over a transition layer whose center is at z c and whose thickness is ∼ 4 ; the value used, 1.25 km, results in negligible wave reflection. For topography with RMS height smaller (or larger) than 1.2 km, z c is chosen to be 8 km (or 13 km), and the damping force starts from a height of 5 km (or 10 km) and increases up to the top of the domain at 15.5 km (or 27.8 km) height. The approximately 3 × 10 6 control volumes have structured (or unstructured) grids, with horizontal resolution 6.25 m (or 3.125 m) and vertical resolution 2 m in the bottom 1.5 km (or 6 km), increasing to 20 m (or 10 m) at the top of the domain.
The radiated IW power is calculated from the horizontal integral of the vertical energy flux averaged over a tidal period, Φ z (x, z) ≡ ⟨p ′ w ′ ⟩ t , where p ′ is the wave pressure and w ′ is the vertical component of wave velocity. The integral is evaluated at z top , the height corresponding to the height of the tallest peak. Examples of the time-averaged energy flux field Φ z (x, z) from our simulations are shown in Figures 2a and 2b. 
Results
We compute for tidal flow over synthetic random topography the dependence of the radiated IW power on the topographic resolution and RMS height.
Sensitivity to Horizontal Resolution
Previous studies have examined the dependence of IW power on the spatial resolution of topographies at a few locations in the oceans [Niwa and Hibiya, 2011; Carter et al., 2008] . Here we compare with the linear theory prediction the functional dependence of IW power on horizontal resolution for synthetic random topographies generated for the power spectrum in Figure 2c .
The dependence of IW power on spatial resolution is determined by examining a single topography with different truncations of the Fourier representation: k max = 2 n cycles/(10 km) with n ranging from 1 to 8. The topographies have increasing roughness but approximately the same RMS height, ∼230 m (Figure 3a) . The radiated IW power computed from simulations increases with k max and saturates at a level P 0 that is less than the linear theory prediction (see Figure 3b) . The linear theory prediction for the radiated power is calculated from Bell's formula [Bell, 1975] 
2 )kdk, for radiation by a topographic profile z(x) of length L, extended by the periodic boundary conditions to ±∞ [Zhang and Swinney, 2014] .
With increasing resolution the IW power is suppressed below the linear theory prediction. The increased resolution enhances the topographic roughness, producing small steep valleys that can generate internal waves; these waves interfere and suppress the IW power [Zhang and Swinney, 2014] . Thus, increased resolution leads to IW power saturation.
The increase ΔP in the radiated IW power is only 7% for an increase in the horizontal resolution from 312 m (32 cycles/(10 km)) to 39 m (256 cycles/(10 km)) (Figure 3c ), even though the increasing roughness results in an increase in topographic slope, S topo ≡ max(|z ′ (x)|), from 3.1 to 8.3. Further, the vertical energy flux fields differ little for topographic resolutions of 312 m and 39 m (cf. Figures 2a and 2b) . We also examine the effect of changing spatial resolution (from 312 m to 39 m) for topographic heights ranging from 16 m up to the highest H rms in the oceans, ∼1000 m, and the resultant difference in IW power is found to be less than 10% (cf. Figure 3d) .
The simulation results presented henceforth use a spectral representation truncated at 32 cycles/(10 km) to achieve computational efficiency with only a small loss in accuracy. Additionally, the topographic spectral power at 32 cycles/(10 km) is already about 2 orders of magnitude smaller than that at the fundamental spectral mode; further, the topographic autocorrelation width increases only 2% when the truncation is reduced from k max = 256 to 32 cycles/(10 km).
Power Law Scaling With Topographic Height
This section presents the dependence of radiated IW power P on the RMS height H rms of random topography. Linear theory predicts P ∼ H 2 rms for random subcritical topography (slope everywhere along the topography less than the IW beam slope) [Bell, 1975] and for isolated ridges [Garrett and Kunze, 2007] . For periodic topography the waves radiated by neighboring peaks interfere, reducing the radiated power per ridge [Khatiwala, 2003] . If the periodic topography has tall peaks with steep slopes, the power becomes independent of peak height [Nycander, 2006; Balmforth and Peacock, 2009; Zhang and Swinney, 2014] .
Here we determine topographic height dependence of IW power radiated by random topography that has the spectrum of ocean topography, equation (1). We examine five realizations of 10 km long random topographic profiles that are each generated with = 2.5 and a horizontal resolution of 312 m (Figure 4a) . For each realization, the IW power computed for a range of values of H rms (i.e., h in equation (1)) is shown in Figure 4b , where H rms is normalized by a reference RMS height H ref (to be explained in section 3.3). The simulations reveal that when H rms ∕H ref < 1, the IW power height dependence agrees with that predicted by linear theory (dashed line), P ∼ H 2 rms . However, for H rms ∕H ref > 1, the interference of IW generated by neighboring peaks in the random topography leads to power smaller than that predicted by linear theory. Results from the five topographies yield P ∝ H rms with = 0.96 ± 0.07, which is consistent with a linear dependence of the IW power on height, P ∼ H rms (solid line in Figure 4b ).
For random topography the power suppression due to wave interference occurs at different H rms for valleys between different ridges, while for periodic topography with steep tall peaks (supercritical topography) the power suppression occurs simultaneously at all valleys between all ridges [Zhang and Swinney, 2014] . This results in IW power scaling for random topography that is intermediate between the H 2 rms scaling for weak topography and the absence of dependence on H rms for supercritical periodic topography.
Dependence on Topographic Slope
In the previous section it was shown that for random topography there is a transition from a quadratic to a linear dependence of the IW power on RMS height (cf. Figure 4b ). The present section examines the dependence of that transition on the IW slope S IW and a topographic slope we call the valley slope, S valley . For a valley between two adjacent ridges S valley is the absolute slope of the steepest ray that goes through the minimum of the valley (red dots in the inset of Figure 4b ) and is tangent to a side of one of the adjacent peaks (black dots) [Zhang and Swinney, 2014] . For an entire random topographic profile, we let S valley be the maximum valley slope among all valleys of the topography, i.e., the maximum of S 1 , S 2 , S 3 , … , illustrated in the inset of Figure 4b . In general, the value of S valley for a valley is large when the two adjacent ridges are tall and close.
The reference height H ref in Figure 4b is the RMS height of the topography with S valley = S IW . Thus, the transition in the IW power scaling at H rms ∕H ref = 1 corresponds to S valley ∕S IW = 1. For periodic topography the IW power has also been observed to exhibit a transition at S valley ∕S IW = 1, but in that case the transition from a quadratic dependence of the IW power on peak height leads to a regime with the IW power independent of topographic height [Zhang and Swinney, 2014] .
The magnitude of S valley is, in general, smaller than the magnitude of the topographic slope S topo of the neighboring ridges: S valley < S topo . Hence, the transition at S valley ∕S IW = 1 corresponds to S topo > S IW . For our five topographic profiles, the transition in the IW power scaling occurs at S topo ∕S IW = 1.75, 1.64, 2.78, 1.52, and 1.43, respectively. The observation that IW power suppression does not start at S topo ∕S IW = 1 but rather at S valley ∕S IW = 1 indicates that the suppression is due to wave interference inside the valleys. This interference emerges for two adjacent ridges when they are tall and close enough, such that S valley > S IW .
Conclusions
We have conducted direct numerical simulations of the dependence on topography of IW power generated by tidal flow over 2-D random topography. Our random topographies were generated with statistical power spectra that correspond to oceanic observations: an asymptotic decay as k − at large wave numbers (with = 2.5), and a wave number k 0 that characterizes a transition at low wave numbers to a white spectrum describing large-scale topography. The numerical simulations show that for 2-D random topography the radiated IW power is suppressed by wave interference at the generation site.
The dependence of the suppressed IW power on the RMS topographic height is found to be described by P ∼ H rms for tall random topography, in contrast to P ∼ H 2 rms scaling for subcritical or isolated-ridge topography [Bell, 1975; Garrett and Kunze, 2007] and to the P ∼ constant behavior for supercritical periodic topography [Nycander, 2006; Balmforth and Peacock, 2009; Zhang and Swinney, 2014] . The linear scaling for random tall topography is intermediate between the P ∼H 2 rms and P ∼ constant behaviors: the random topographies asynchronously suppress the IW power generated inside topographic valleys.
The transition to the linear scaling of IW power is governed by a "maximum valley slope" rather than the maximum absolute slope along a topography. (The valley slope for adjacent random peaks of different heights is given approximately by the height of the taller peak divided by half the distance between the two peaks [Zhang and Swinney, 2014] .) When the magnitude of the maximum valley slope approaches the IW beam slope, the IW power begins to be suppressed.
We also found that the power increases as the spatial resolution is increased, but, as a consequence of wave interference, the power saturates at a level less than that predicted by linear theory. The power saturates for a resolution of about 300 m for our synthetic topographies, which were generated for IW beam slope unity and spectral parameter values h = 0.12 km, = 2.5, and k 0 = 4 cycles/(10 km) (cf. equation (1)).
Our results should guide modeling of internal wave generation by seafloor regions where quasi 2-D hills and ridges are dominant. The power scaling with the topographic height identified in the simulations can be incorporated into the modeling and parameterization of internal tide generation for prediction of the global internal wave power in the oceans. In general, the power suppression and saturation is a function of the spectral parameters and IW beam slope; this dependence should be investigated further in the future. Also, this work should be extended to include three-dimensional random topography, wave reflections from the sea surface, the Coriolis effect, a depth-dependent buoyancy frequency, and large tidal excursions.
